Summary. A solution of the integral equation for an oscillating, two-dimensional, thin airfoil in a compressible flow (subsonic and inviscid) is obtained by retaining only first order terms in frequency. The results are applied to the calculation of the damping derivative of a tail in rotary motion about a forward center, and it is shown that the damping is considerably less than that calculated on the basis of stationary airfoil theory. A brief investigation of induction effects shows this reduction to be considerably less for a wing of finite aspect ratio.
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1. Introduction. The problem to be considered in this paper is the determination of the pressure distribution on a two-dimensional thin airfoil in a compressible flow for the case where the prescribed downwash distribution exhibits a low frequency, harmonic time dependence. (By "low frequency" we imply that only terms of first order in the reduced frequency parameter, k, will be retained.) The situation of primary interest is subsonic, compressible flow, since the incompressible1 and supersonic2 cases have been considered previously.
In studying the disturbed motion of an airplane about its equilibrium position, the aerodynamic forces generally have been calculated on the basis of steady flow. The argument advanced is essentially that the motions are "slow" (i.e., low frequency), so that aerodynamic phase shifts may be neglected. The implicit assumption is that only first order terms in frequency need by retained and that these terms occur only in the (airfoil) displacement. Unfortunately, first order terms also occur in the hydrodynamical equations and will be important, insofar as zero order terms occur in the prescribed downwash.
Also, it must be expected that compressibility effects will be rather more important in non-stationary flows, since the effect of a finite velocity of propagation on the disturbances introduced by the airfoil is to emphasize phase shifts, as represented by both first and second time derivatives in the potential equation. Thus, the linearized (subsonic) compressibility correction of the quasi-stationary results for incompressible flow over a thin airfoil is not effected by simply introducing the Prandtl-Glauert factor (1 -M2)~1/2. The variation with Mach number is particularly important at supersonic speeds, where the first order (in frequency) terms neglected by steady flow theory may cause a one degree of freedom system to pass from an unstable to a stable state (or conversely) at the transition of some critical value of M.
The analysis of quasi-stationary, compressible flow is quite naturally a limiting case of the oscillating airfoil theory first considered by Possio. exp (iut) represents the local vorticity associated with this downwash distribution, M is the Mach number, and k is the reduced frequency, the required integral equation between w and y may be written4 has recently been given by Biot and others.6 The procedure to be used below is essentially that previously proposed for the case of small Mach number.7 In carrying out this solution we find it expedient to introduce the modified down wash and vorticity functions
whence Eq. (2.1) transforms to
3. Approximate solution to Possio equation. We now set ourselves the problem of solving Eq. (2.7) after neglecting terms of order k2 or higher. The first step in this solution is naturally the expansion of R(M, y) in powers of y, with only terms of order y (by order y", we also imply terms of order y" In y) to be retained.
As it stands, R(M, y) is improper for positive values of y due to the singularity of order u~2 in the integrand. Actually this difficulty is synthetic and may be removed by integration by parts to obtain a proper integral.8 Thus, integrating Eq. (2.3) twice by parts, evaluating the infinite integral with the aid of the Weber-Shafheitlin integrals given by Watson,9 multiplying the result through by exp ( -iy), and expanding in powers of y, we may approximate Eq. (2.7) in the form
where y (without functional dependence, to distinguish from y(x)) is Euler's constant. Eq. (3.1) can be solved by iteration, for if y(x) is written y0(^) + ky,(a;) and powers of k equated, the results may be identified as the well known integral equation for thin 8We do not attempt complete rigor here, but we remark that this difficulty is common to many problems of mathematical physics which are formulated as Fredholm integral equations. It usually may be removed by a more thorough derivation, including, in particular, the linearization of the boundary conditions and the associated passage to the limit after appropriate integrations by parts (rather than before, as is implicit in the present case). , 9loc. cit. 5, p. 405, Eqs. (4) NOTES [Vol. VIII, No. 4 where e is the base of the natural logarithms. F(M) is plotted in Fig. 2 ; for M > 0.85 it is negative (having the value -0.26 at M -0.9), as indicated by Eq. (4.7c). In interpreting the results (4.5) and (4.6), we observe that the real parts are simply the Munk, thin airfoil formulae multiplied by the Prandtl-Glauert correction factor for compressibility. This same statement holds for those portions of the imaginary parts associated with z{x), but the contribution of z'(x) to the imaginary parts is entirely neglected by the use of the Munk formulae; moreover the compressibility correction for the latter term is considerably stronger than the Prandtl-Glauert correction. Fig. 3 . Airfoil oscillating about a forward axis.
5. Pitching airfoil. As an illustrative application of the foregoing results, we consider the rotation of an airfoil about an axis (P) located a distance a forward of its quarterchord, as shown in Fig. 3 . The displacement for unit amplitude is given by z*(x) = (| + f + x) t5-1)
Since steady-flow theory yields the real parts of the force coefficients to the desired accuracy, we consider only the imaginary parts. Eqs. It is evident that the use of stationary airfoil theory to predict total damping in pitch (horizontal surface) or yaw (vertical surface) may be dangerously non-conservative. Moreover, we may expect similar discrepancies in the calculation of damping in pitch for a swept wing. While reliable experimental evidence is small, it tends to support this conclusion. In particular, it appears that many high speed, jet aircraft exhibit a tendency to "snake", and this may well be the result of an overly optimistic calculation of the expected damping in yaw from the vertical fin. However, no quantitative answer can be given until the questions of induction and downwash interference, (i.e. effect of wing on tail) are resolved. A brief indication as to the order of magnitude of the former effects is given in the next section. An answer to the latter question depends on the determination of the flow in the wake of the oscillating wing and is, therefore, rather more complex. An investigation of this matter is being undertaken.11 6. Three dimensional effects (Added in proof). An investigation of an elliptic wing, based on Reissner's analysis of a three dimensional oscillating wing in incompressible flow12 and an extension of the Prandtl-Glauert rule13, yields the result. where the representative chord shown in Fig. 3 is taken as the mean aerodynamic chord, (dCL/da) is the three dimensional lift curve slope, corrected for compressibility, and ft is the aspect ratio.
If the results of the foregoing section are examined, it is found that the dominant term was In k, and now is effectively replaced by -In A. It appears, therefore, that the two dimensional results are directly applicable only to very large aspect ratio wings, although the effects that we have discussed may be of some considerable importance in many applications. We remark that, in view of Reissner's results for incompressible flow, we should expect the discrepancies between the two and three dimensional results to be less pronounced for larger values of the reduced frequency, so that it should not be inferred from our results that the two-dimensional work of Possio is necessarily inapplicable in typical flutter problems.
RETARDED POTENTIALS OF SUPERSONIC FLOW* by J. C. MARTIN (National Advisory Committee for Aeronautics)
Introduction. This paper deals with a space filled with ideal compressible fluid moving at velocities greater than sonic velocity. A formula will be derived for the velocity potential at any point in space when the conditions on the disturbing surfaces are given. The analysis is based on the linearized partial differential equation; therefore the disturbances must be small.
Use is made of the concept of the finite part of an infinite integral. This concept was first defined by Hadamard (Reference 1). It is used to overcome the difficulty that arises due to the elementary solution becoming infinite on the machcone emanating from the origin of the source. Hyperbolic vector operators and definitions. In reference (2) a vector operator was used in treating source and vortex distributions in the linearized theory of steady supersonic flow. This and other operators are defined below.
The hyperbolic gradient operator is defined as vfc--*£+*ii+*h « where /3 is a constant, and i, j, and k are unit vectors in the x, y, z directions respectively. The divergence of the hyperbolic gradient operator is defined as j\2 »\2 «\2 + ^ +
The vector n1 is defined by the equation below n' = -i/32f! + jv2 + kf3
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